Semi-spined product structure of a left C-wrpp semigroup has been recently described by Du and Shum. In this paper, we will introduce a new concept,namely the left cross product of semigroups and establish a new structure theorem for the left C-wrpp semigroup by using left cross product. It is shown that a semigroup S is a left C-wrpp semigroup if and only if S can be expressed as a left cross product of a left regular band I and an C-wrpp semigroup M which is a strong semilattice of left R-cancellative monoids.This theorem generalizes the classical structure theorem of C-rpp monoids obtained by Fountain in 1977.
Introduction
It is well known that a Clifford semigroup is an important semigroup because it can be expressed as a strong semilattice of groups. In order to generalize this kind of semigroups into a more wider class of semigroups, Tang [8] in 1997 introduced an extended Green relation L ( †) on the semigroup and hence studied the so called C-wrpp semigroup which can be expressed by a strong semilattice of left R-cancellative monoids. In fact, his result extends the result of the well known structure theorem of Fountain for C-rpp monoids given in 1977 [1] . Recently, Du and Shum [3] have further extended the C-wrpp semigroup to left C-wrpp semigroup and constructed such kind of semigroups by by using semispined product of semigroups. In this paper, we will introduce the concept of cross product of semigroups and obtain a new structure for left C-wrpp semigroups by using the left cross product. We will prove that a semigroup S is a left C-wrpp semigroup S if and only if S can be expressed as a left cross product of a left regular band I and an C-wrpp semigroup M. Our result not only generalizes the classical result of Fountain on C-rpp monoids but also gives a new description for the C-wrpp semigroups (see [4] )
For notations and terminologies not mentioned in this paper, the reader is referred to Howie [2] and Ren-Shum ( see [5] and [6] ).
Preliminaries
We begin with some definitions and known results which are useful in the sequel.
Let S be a semigroup S and a, b ∈ S. The relation L ( †) is defined by aL ( †) b if for all x, y ∈ S 1 , (ax, ay) ∈ R if and only if (bx, by) ∈ R, where R is the usual right Green relation R-relation on S. It was noticed by Tang [8] 
, where L is the usual left Green relation on S and L * is the left Green star relation described by Fountain in [1] . Clearly, the relation L ( †) is indeed a generalized Green relation on the semigroup S.Also, it can easily be seen that L ( †) is a right congruence on S. We now use L
a to denote the L ( †) -class of the semigroup S containing the element a. The following are some definitions taken from [1] , [3] and [8] .
A semigroup S is called a left R-cancellative monoid if for any a, b, c ∈ S, (ab, ac) ∈ R implies (b, c) ∈ R. It was shown by Tang in [8] that a semigroup S is an C-wrpp semigroup if and only if S is a strong semilattice of left Rcancellative monoids. The direct product of a left zero band I and a left Rcancellative monoid M is called a left R-cancellative stripe.
A semigroup S is called a wrpp semigroup if the following conditions are satisfied:
A wrpp semigroup S is said to be an adequate wrpp semigroup if for all a ∈ S, there exists a unique idempotent a + such that aL ( †) a + and a = a + a. An adequate wrpp semigroup S satisfying aS ⊆ L ( †) (a) for all a ∈ S is called a left C-wrpp semigroup (See [4] and [8] ).
The following characterizations of left C-wrpp semigroups are crucial for the structure of this kind of semigroups.
Lemma 2.1 [3] The following conditions are equivalent for an adequate wrpp semigroup S: 
For any α, β ∈ Y with α β, we define a mapping φ α,β :
satisfying the following two conditions:
where ij and ab are respectively the usual semigroup products of i, j and a, b in the semigroups I and M. By the condition (P 1 ), it can be verified that " • " is a associative binary operation on S, that is, S becomes a semigroup under the multiplication " • ". We denote this semigroup by S = I φ M and call it the left cross product of I and M with respect to φ. 
v). Consequently, we obtain that iR(I)j and aR(M)b. This leads to i = j and so aRb.
It is clear that the converse statement of (ii) holds.
(iii) The proof of this part can be divided into the following three steps.
Step 1.
We first show that every
Then by the definition of the multiplication "•" on S, we have ((i[a, ik], ax), (i[a, il], ay) ) ∈ R. Now,by using the result of (ii), we obtain axRay and i [a, ik] 
On the other hand, by the condition (P 2 ), we also have We now show that S is a wrpp semigroup. Clearly, for every L ( †) -class S α of S, there exists an idempotent e = (j, 1 α ) ∈ S α such that ue = u for any u ∈ S α . Thus, by definition, S is a wrpp semigroup.
Step 2. We now claim that S is also an adequate wrpp semigroup. Clearly, uL ( †) e and u = ue for any u = (i, a) ∈ S α , e = (j, 1 α ) ∈ S α ∩ E(S). However, if there exists an idempotent u + = (j, 1 α ) such that uL ( †) u + and u = uu + = u + u, then j = i. This shows that for every u ∈ S α , the idempotent u + = (i, 1 α ) ∈ S α satisfying u = uu + = u + u is unique. Thus, S is indeed an adequate wrpp semigroup and our claim is now established.
Step 3. It is easy to see that E(S) is a left regular band. In order to prove that S = I φ M is a left C-wrpp semigroup, by Lemma 2.1, we only need to show that the relation L ( †) is a congruence on S. For this purpose, we suppose that (i, a)L ( †) (j, b). Then, is clear from the result of Step 1 that (i, a) and (j, b) are in the same semigroup S α . Thus, for any (k, c) ∈ S β , we can easily see that the elements (k, c)(i, a) and (k, c)(j, b) are in the same semigroup S βα . Since every semigroup S α can be regarded as an
We now proceed to show that any left C-wrpp semigroup S can be expressed the left cross product of a left regular band I and an C-wrpp semigroup M.. 
Theorem 3.2 Suppose that M is an C-wrpp semigroup (that is
,
Conversely, any left C-wrpp semigroup can be constructed by using a left cross product of a left regular band I and an C-wrpp semigroup M.
Proof: In view of Lemma 3.1 (iii), we see immediately that I φ M is a left C-wrpp semigroup. We only need to prove the converse part of the theorem.
Suppose that S is a left C-wrpp semigroup. Then by Lemma 2.1, S can be written as a semilattice of S α = I α × M α , where I α is a left zero band and M α is a left R-cancellative monoid. Now, by Theorem 3.3 in [3] , we can express the set of idempotents of the semigroup S by
Now we let I S = α∈Y I α and define a binary operation " • " on I S as follows: for any i ∈ I α , j ∈ I β ,
where (i, 1 α ) ∈ I α × M α and 1 α is the identity of M α . It is easy to see that the mapping η : (i, 1 α ) → i is a semigroup isomorphism from E(S) to I S = α∈Y I α . Hence, I S forms a left regular band with respect to the above operation.
Again, let M S = α∈Y M α . Then,we claim that M S is an C-wrpp semigroup, that is, M S is a strong semilattice of left R-cancellative monoids M α . For this purpose, we pick (j, 1 β ) ∈ S β ∩ E, (i, 1 α ) ∈ S α ∩ E with β α. Then, we consider the following products in the left C-wrpp semigroup S:
(i) Since I β is a left zero band, it is clear that
Hence,we can easily deduce the following equalities:
Consequently, we have shown that
for i ∈ I α and j ∈ I β with β α.
and I β is a left zero band, we immediately obtain j 1 = j and
Hence,it shows that a * ij does not depend on the choice of j in I β . Also, by using our equality (3.2), we can deduce that
Therefore, it is clear that a * ij does not depend on the choice of i in I α as well. Consequently, we have
Thus, for any α, β ∈ Y with β α, i ∈ I α and j ∈ I β , we can define a mapping
such that θ α,β satisfies the equality (3.4). We now proceed to show that θ α,β are the structure homomorphisms of the strong semilattice of M α .
First,it is trivial to see that θ α,α is an identity mapping on M α . For any α, β, γ ∈ Y with α β γ,we let (i, a) ∈ S α , (j, 1 β ) ∈ S β , (k, 1 γ ) ∈ S γ . Then, by combining it with equality (3.2), we deduce that
This implies that
Consequently, we deduce that (ab)θ α,β = aθ α,β bθ α,β , and hence the mappings θ α,β are the structure homomorphisms of the strong semilattice Since I α is a left zero band, (i, a) = (i, 1 α )(i 0 , a). Hence, for any (i, a) ∈ I α × M α , j ∈ I β and α, β ∈ Y with β α, we have
By using the equality (3.5), we have
In other words, the multiplication on S coincides with the semigroup multiplication of the left cross product of the left regular band I S and the C-wrpp semigroup M S . It remains to show that the mapping φ defined above actually satisfies the conditions (P 1 ) and (P 2 ) in the left cross product of I S and M S .
By the associativity of the semigroup S and the equality (3.6), we can immediately verify that the condition (P 1 ) is satisfied. Now,we need to show that the condition (P 2 ) is also satisfied by the mapping φ. Suppose that (i, a) ∈ S α , (j, b) ∈ S α . Then,by Lemma 2.1, the direct product I α × M α = S α is an L ( †) -class of S. Hence, for any (k, c) ∈ S β , (l, d) ∈ S γ , we have ((i, a)(k, c), (i, a)(l, d) ) ∈ R ⇔ ((j, b)(k, c), (j, b)(l, d) ) ∈ R.
Combining the equality (3.6) and Lemma 3. It was pointed out by Ren and Shum in [7] and [8] that the left C-rpp semigroups and the right C-rpp semigroups are not dual semigroups. In closing this paper, it is natural to ask : Can we describe the structure of right C-wrpp semigroups ? Can we establish an analogous structure theorem for right Cwrpp semigroups ?
